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As shown by van der Waerden in his celebrated theorem, if the set of 
positive integers is partitioned into finitely many classes, then at least one 
of these classes contains an arithmetic progression of any given length. It is 
rather trivial to see that every class may contain no arithmetic progression 
of infinite length; one can show even more: each class may contain no 
arithmetic progression of arbitrary length with bounded common dif- 
ference. 
In our terminology (see below), the above mentioned results can be 
rephrased by saying that the “van der Waerden congruence” (i.e., two 
words of a finitely generated free semigroup are equivalent if and only if 
they have the same first letter and the same length) is repetitive, but it is 
not strongly repetitive. 
On the other hand, a congruence related to the preceding one, in which 
two words are equivalent if and only if they have the same first letter, is 
strongly repetitive (Brown’s lemma, [ 11). This result is generalized by 
Theorem 1 (announced in [6]), which provides a characterization of finite 
semigroups. 
Jacob, by using a collection of functions, called “ranks,” obtained a dif- 
ferent generalization of Brown’s lemma (see [3]). This notion of “rank” 
suggests, as a natural extension, our definition of “hypomorphism” which is 
a function which maps a semigroup into an ordered semigroup. This allows 
us to prove Theorem 2 (announced also in [6], which contains both 
Theorem 1 and Jacob’s result as particular cases. 
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1. DEFINITIONS AND PRELIMINARY RESULTS 
The free semigroup (resp. free monoid) on an alphabet A is denoted by 
A + (resp. A*). The elements of A* are called words and the elements of A 
letters. 
The length of a word f E A* is denoted by 1 f I. For each word f E A + we 
shall denote the ith letter off by f (i) ( 1 < i < 1 f ( ), and denote f(i) . . f (j) 
byf(i,j) (1 <i<j< If I). 
A sequence (or infinite word) on A is a map from P (the set of positive 
integers) into A. The set of sequences on A is denoted by A”. If SE A”, we 
write 
Now, let E be a set, LX a map from A + into E and k a positive integer. 
Furthermore, let e E E and W, wi , w2 ,..., wk E A +. If 
w=w,“‘wk 
and, for 1 <i<k, 
a( wi) = e 
then we say that w  is a kth power modulo o! and that wi ,..., wk are its com- 
ponents. If, in addition, for 1 d i <j d k, 
a( wi. . . wj) = e 
we say that the kth power modulo c1 is ramseyan. 
DEFINITION 1. A map ~1: A + + E is repetitive (resp. ramseyan) if for 
each positive integer k there exists an integer L = L (LX, k) such that each 
word WEA+, of length at least L, contains a factor which is a kth power 
modulo tl (resp. a ramseyan kth power modulo IX). 
DEFINITION 2. A map o!: A+ + E is strongly repetitive (resp. strongly 
ramseyan) if for each sequence s E A* there exists a positive integer p such 
that for each positive integer k the sequence s contains a kth power 
modulo 01 (resp. a ramseyan kth power modulo LX), having components of 
length at most p. 
Remark. To justify the above terminology we observe that if E is finite, 
the map a of Definition 1 is ramseyan (this is an immediate consequence of 
the Ramsey theorem, see [lo] and also [ 12,9]). 
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Now, let us consider the following relation - on A +: 
f-g iff Ifl=lgl and f(l)=dl). 
The theorem of van der Waerden [ 13, 71 can be rephrased as follows: 
the relation - (which is actually a congruence) is repetitive if A is finite 
(we identify - with the map A+ +A+/- which is naturally associated 
with it). See [S]. 
In the following section we give the proof of Justin’s result which shows 
that the relation - is not strongly repetitive. 
Brown has considered the following relation % on A + : 
fz:g iff f(l)=g(l). 
We note that x is strongly repetitive if A is finite, which is Brown’s 
lemma (see [ 1 I). 
DEFINITION 3. A semigroup S is repetitive (resp. ramseyan, strongly 
repetitive, strongly ramseyan) if for each alphabet A, each morphism 
4: A+ -+ S, such that 4A is finite, is repetitive (resp. ramseyan, strongly 
repetitive, strongly ramseyan). 
DEFINITION 4. Let (D, < ) be an ordered semigroup (i.e., a semigroup 
D with a partial or total order relation < compatible with the operation of 
D) and let E be a semigroup. A map p : E + (0, 6 ) is an hypomorphism if 
and only if, for u, v E E, 
duo) d P(U). P(V) 
Remark 1. It is clear that each morphism from E into D is, in par- 
ticular, an hypomorphism from E into (D, < ). 
Remark 2. In the sequel, the ordered semigroup (D, <) will be 
denoted more simply by D, with < understood. 
DEFINITION 5. An ordered semigroup D is strongly hyporepetitive (resp. 
strongly hyporamseyan) if for each alphabet A, each nypomorphism 
p:A+ + D, such that pA is finite, is strongly repetitive (resp. strongly ram- 
seyan). 
The following two lemmas will be useful in the sequel: 
LEMMA 1.1. Let A be c( finite alphabet and K be an infinite subset of A + . 
Then there exists an s E A” such that each factor of s is a factor of infinitely 
many words of K. 
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LEMMA 1.2. Let A be an alphabet (not necessarily finite), F a finite 
ordered semigroup, u : A + + F an hypomorphism and K a subset of A + con- 
taining words of arbitrarily large length. Moreover, let B= {b,/iE p} be a 
countably infinite alphabet. Then there exist t E B” and an hypomorphism 
/I: B+ + F such that for each positive integer k there exists f E K such that, 
for 1 <i<j<k, 
/W&i) = @f (i,j). 
The proof of the first lemma is trivial. For the second one, let t be the 
sequence 
Using Lemma 1.1. one easily defines /3 on the factors of t in such a way 
that the required property is satisfied. We need to complete the definition 
of /3. Let w  E B+. We have a unique factorisation of w: 
w = w, ... WI. 
such that each wi is a factor of t of maximal length. Then, if one defines 
it is easy to verify that B is an hypomorphism. 
2. FURTHER REMARKS ON VAN DER WAERDEN'S THEOREM 
Given the numbers a, a+ d,..., a+ (k - 1) d, we say that they form an 
arithmetic progression of length k with common difference d. We have the 
following lemma. 
LEMMA 2.1 [4, 71. There exists a partition F of the set ff of positive 
integers into two classes, and there exists a map 4: P + P such that tf an 
arithmetic progression of common difference p is contained in a class of F, 
then its length is is at most d(p). 
Proof For all ie P let e(i) be the exponent of 2 in the factorization of i, 
i.e., the greatest integer t such that 2’ is a divisor of i. The following 
property of the function e will be useful 
e(i+j)=inf{e(i), e(j)> iff e(i) #e(j). 
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Now let us consider the sequence 
where, for in P, 
s=s~s2”‘si”‘, 
si E e(i!) mod 2, si E (0, 1 }. 
The partition Fin the statement of the lemma will be defined by the two 
classes 
s-‘(O) and s-‘(l), 
It is clear that if the integers h,, hr,..., h, belong to the same class and 
they are the terms of an arithmetic progression we have, for 0 < r < n, 
where 
,f, e(u) = 0 mod 2, 
r 
Let p be the common difference of this arithmetic progression. We will 
show that if y1 is suffkiently large, with respect to p, then the above 
relations are incompatible. 
Let q be the unique integer such that 
24-‘<p<24. 
If we choose n such that 
* > p+Z-dP) 
we have 
Therefore the interval [h, + 1, h,], of length np, must contain at least 
one multiple of 2q + ‘, i.e., an integer x such that 
e(x)>q+2. 
If x+p.2 4+1--e(P)<h n, we put 
yEx+p.24-dP) 
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and 
Z=X+p.24+1--ew), 
If, on the contrary, x +p. 2q+ I ~ efp) > h,, then we put 
y=x-p.2”-“P’ 
and 
z=x--p.p-e(P), 
In both cases y, z E [h, + 1, h,] and 
and 
e(y)=q 
e(z) = q + 1. 
Now, let us denote by Z (resp. Z’) the interval Z, containing y (resp. z) 
and let us observe that 
r=z+z-y. 
For each element u E Z, u # y, we have e(u) < q because the length p of Z is 
strictly less than 2q. Furthermore e( 1 z - y 1) = q. Hence if U’ = u + z - y we 
have e( u’) = e(u). 
By observing that e(z) f e(y) mod 2, we obtain the desired contradic- 
tion 
C e(u) f C e(d) mod 2. [ 
UCI U’E I 
Remarks. A result analogous to Lemma 2.1 was proven by Brown (see 
[2]) by using a sequence that is very different from s. The approach we 
follow in the present paper is patterned after Justin [4, 71. Also, it is 
worthwhile to observe that our sequence s can also be obtained by writing 
twice each letter in the famous Thue-Morse sequence. The sequence s in 
Lemma 2.1 plays a basic role in the proof of the following proposition. 
PROPOSITION 2.2. The additive semigroup [Fp of positive integers is not 
strongly repetitive. 
Proof: It is very easy to show that the sequence s is an element of Y” 
where 
Y= {0,011,01111}. 
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Let I,$ : Y+ + P be the morphism defined as follows : for each y E Y, $( y) 
is the length of y on the alphabet (0, 1 }. 
Then two words of Y+ belong to the same congruence class modulo II/ if 
they have the same length on the alphabet (0, 1). 
Assume that $ is strongly repetitive. This implies that there exists a 
positive integer p such that for every positive integer k there is in s a factor 
which is a k th power modulo Ic/ with components of length at most Sp. 
Observing that all the components of this k power begin with 0, we con- 
clude that there exists in s an arithmetic progression of arbitrary length 
whose common difference is at most Sp. This has been shown to be 
impossible in the proof of Lemma 2.1. 1 
3. CHARACTERIZATION OF STRONGLY REPETITIVE SEMIGROUPS 
Justin [S] and Brown [l] have proved that all finite semigroups are 
strongly repetitive. This gives rise to the natural question of characterizing 
the class of strongly repetitive finitely generated semigroups. The following 
theorem (announced in [6]) gives the answer. 
THEOREM 1. A finitely generated semigroup is strongly repetitive if and 
only if it is finite. 
Proof: Let us prove the “only if” part (for the “if” part see [l, 51). 
Let S be a finitely generated and strongly repetitive semigroup. Let G be 
a (finite) set of generator of S, A an alphabet in bijection with G, and 
4:A+ -+ S the morphism naturally induced by this bijection. 
We show that S, i.e., q4(A + ), is finite. This will be proved by contradic- 
tion. To this end, let us introduce the following definition: a word f e A + is 
called irreducible if for each g E A + such that d(f) = qS( g) we have ) f ( d 
1 g 1. Suppose S infinite. Then there exists an infinite set of irreducible words 
in A+. By Lemma 1.1. there exists an infinite word s E A”’ such that each 
factor of s is a factor of an irreducible word and consequently it is itself 
irreducible. 
Since the morphism 4 is strongly repetitive, then there exists a positive 
integer p such that for each positive integer k we can find in s a k th power 
modulo 4 whose components have length bounded by p. 
Let T be the subset of S defined as follows: 
T= {tES/YuEA+, JulGp, and $(u)=t). 
Clearly T is finite. Moreover, at least one element of T is of infinite order 
(otherwise, for some k there would exist in s a kth power modulo 4 which 
would be a reducible factor of s). 
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Hence, S contains a subsemigroup isomorphic to the additive 
semigroup P of positive integers, which contradicts Proposition 2.2. 1 
We have also the following proposition. 
PROPOSITION 3.1. A finitely generated semigroup is ramseyan if and only 
if it is $nite. 
Proof The repetitivity of all finite semigroups is shown in [S]; the fact 
that for every element a of a finite semigroup S there exists a positive 
integer k 6 Card S such that ak is idempotent, allows us to conclude easily 
that all finite semigroups are ramseyan. 
Conversely, let S be a finitely generated ramseyan semigroup. Assume 
that S is not finite. 
Then there exists an infinite set of irreducible words on the finite 
alphabet G of the generators of S. So the inlinite word SE G” obtained 
from Lemma 1.1 contains only irreducible factors. However it must contain 
a ramseyan 2-power, that is a reducible factor. Thus we have a contradic- 
tion. 1 
Now, let us introduce two new definitions. 
DEFINITION 6. A map a : A + + E is o-repetitive if each sequence s E A” 
admits a factorization 
s= t 241 u*“‘uj”’ 
where tE A*, USE A+, and, for i,jE P, 
a(Ui) = a(z4,). 
DEFINITION 7. A semigroup S is w-repetitive if every morphism 
I#:A + -+ S, such that $A is finite, is w-repetitive. 
We have the following proposition. 
PROPOSITION 3.2. A finitely generated semigroup is o-repetitive if and 
only if it is finite. 
Proof The “if” part follows from the notable fact that all maps from 
A+ into a finite set are w-repetitive (Schiitzenberger, see [ 121). (Inciden- 
tally we observe that this can be proved by direct argument for morphisms 
from A + into a finite semigroup.) 
The “only if” part is analogous to that of Theorem 1: indeed if one con- 
siders irreducible words, one can prove that a finitely generated o- 
repetitive infinite semigroup must contain a subsemigroup isomorphic to $. 
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From this a contradiction follows: by a trivial consequence of 
Proposition 2.2, P is not o-repetitive. 1 
By collecting the preceding results, we have the following theorem: 
THEOREM 1’. Let S be a finitel-y generated semigroup. Then the following 
conditions are equivalent: 
( 1) S is finite: 
(2) S is ramseyan; 
(3) S is strongly repetitive; 
(4) S is strongly ramseyan; 
(5) S is o-repetitioe. 
Other equivalent conditions of finiteness were obtained recently by 
several authors, for example, Restivo and Reutenauer (see [ 111). 
4. A GENERALIZATION OF JACOB'S RANKS 
Jacob (see [3]) calls a rank on a semigroup H any hypomorphism from 
H into the set of non-negative integers endowed with the operation 
p.q=inf{p, 4) 
and the usual order. (Clearly this notion recalls the classical notion of rank 
of a matrix.) 
Jacob shows that each rank on X+, with finite image, is strongly ram- 
seyan. Observe that, in his definition of strongly ramseyan map, Jacob is 
concerned with words and not with sequences as we are in our definition of 
Section 2. However, one easily convinces oneself that the two definitions 
are actually equivalent [4, 61. 
In a preceding paper (see [8]) we studied a partition of (x, y } + into 
two classes which is not strongly repetitive. We can consider this partition 
as an hypomorphism into a semigroup with two elements, one of which is 
maximal and also is a zero. 
All this plays an important role in the proof of Theorem 2. Let us con- 
sider the two ordered semigroups S, and S, consisting of two elements n 
and p, n bp, satisfying the following laws: 
S, : n2 = n, np =pn =p2 =p 
S,:n2=np=pn=p’=p. 
We have the following lemma: 
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LEMMA 4.1. Let D be a finite ordered semigroup. The following con- 
ditions are equivalent: 
(1) for each a, bED, (ab=ba=b anda<b)*a=b 
(2) D does not contains any ordered sub-semigroup isomorphic to S, or 
S 2. 
ProoJ: Let us show (2) => (1) (the converse implication is trivial). Sup- 
pose, by way of contradiction, that condition (1) is not verified. Then there 
exist a, bED such that a#b, a<b, and ab=ba=b. 
First, we note that there exists c ED such that c is both a power of b and 
an idempotent. It follows easily that for each positive integer t: 
a’c = ca’ = c, a’ d c, and b d b’. 
Let r be the smallest integer such that a’ is idempotent. If a’ # c then {a’, 
c} is a subsemigroup of D isomorphic to S, which is a contradiction. 
If a’ = c then r # 1 (otherwise, b < a and so b = a). Let us put 
r/2 
h= (r+1)/2 i 
if ris even 
if r is odd. 
We have ah # c because h is strictly smaller than r. We have also ahah = c 
because 
ahah = 
a’ = c if r is even 
a ‘+‘=a’.a=ca=c if r is odd. 
Thus {ah, c} is a subsemigroup of D isomorphic to S2, which is a con- 
tradiction. u 
The following theorem (announced in [6]) contains, as particular cases, 
Theorem 1 and Jacob’s result. 
THEOREM 2. Let D be an ordered finitely generated semigroup. The 
following conditions are equivalent: 
(i) D is finite and satisfies one of the conditions of Lemma 4.1.; 
(ii) D is strongly hyporamseyan; 
(iii) D is strongly hyporepetitive. 
Proof: We prove first (i) 3 (ii) and then (iii)*(i) (the implication 
(ii) j (iii) is trivial). 
(i) Z- (ii). We shall use induction on Card D. The case when D is a 
singleton is trivial. We have to show that if A is an alphabet, p : A + + D is 
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an hypomorphism and SE A”, then there exists a positive integer p such 
that for each positive integer k we can find in s a ramseyan k-power 
modulo p whose components have length on A at most p. Let us consider 
two cases: 
Case (a). D has no maximum. Let 4: A + -+ D be the morphism defined 
by &a) = p(a), for all a E A. We have, for each u E A +, 
P(U) d (b(u). 
By Theorem 1, the morphism 4 is strongly ramseyan. Hence there exists 
a positive integer q and an idempotent Ed D such that for each positive 
integer n there exists in s a ramseyan n-power modulo 4, say 
such that, for 1~ i B n 
with 
Let 
U= {uEA+/lul bq and #(u)=e} 
and let us consider the set of the preceding n-powers as a subset, say K, of 
CJ+. 
We have, for each w  E lJ+, 4(w) = e, and so p(w) < e. Consequently 
p( U+ ) is contained in E, where 
E= {uED/u<e) 
is a proper subsemigroup of D (in fact, if E = D then e would be a 
maximum in D). Then, by the induction hypothesis, E is strongly hyporam- 
seyan. 
Let us apply Lemma 1.2 to the subset K of U+ and the restriction of p to 
U+. Then we get a countably infinite alphabet B, a sequence t E B” and an 
hypomorphism fi: B+ -+ E having the properties stated in the lemma. As E 
is strongly hyporamseyan, then t will be, say, strongly ramseyan modulo p. 
Consequently there exists a positive integer q’ such that for each positive 
integer k there exists a word of K, which contains a ramseyan k-power 
modulo p, whose components have length on U at most q’. That is, for 
each positive integer k we can find in s a ramseyan k-power modulo p 
whose components have length on A at most p = qq’. 
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This completes the case when D has no maximum. 
Case (b). D has a maximum. In this case the idea of the proof is again 
to find a proper subsemigroup of D containing the image of the restriction 
of p to some subsemigroup of A +. Then we make use of Lemma 1.2 as in 
the first case (we shall omit some details). 
Let m be the maximum of D. Then there exists an XE D such that at least 
one of 
xm=m, mx=m 
is not true. Suppose, for example, 
mx#m 
(when xm #m the proof is analogous) and let 
I-,= {beD/a<ab} (QED) 
and 
r= (a~Dlro=D> 
and 
p= (cED/3aErsuch that c6a) 
For each a E D, r, is a subsemigroup of D; moreover it is easily seen that 
r and P are proper (perhaps empty) subsemigroups (and also left ideals) of 
D. 
Let us consider two subcases of Case (b): 
(b,) there exists a positive integer q such that each factor of s of 
length q contains a factor, say u, such that p(u) E r. 
In this case (since p(uu) E f, for each u E A + ) one has that s E Y” where 
Y= {wEA+/ < jwj -<2q and pit) 
from which the conclusion follows. 
(b,) If (b,) is not true, there exist in s words of arbitrary length with 
the property that, if u is a factor of any such word, then p(u) $ K 
Let us apply Lemma 1.2 to the hypomorphism p and the set K of factors 
u of s such that p(u) 4 r. We get a countably infinite alphabet B, a sequence 
t E B” and an hypomorphism /I from B + into D, having the properties 
stated in the lemma. 
The proof of our theorem is then reduced to show that /I is strongly ram- 
seyan. Let us apply Brown’s lemma to the sequence of D” whose ith 
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element is given by /?t( 1, i). There exists an element a ED and a positive 
integer p such that for each positive integer k there exist integers 
such that 
and 
rl<r2<..Trk 
ri+l -r,dp (ldi<k-1) 
One has 
pt( 1, ri) = a (1 <i</?). 
u;=t(r,+ 1, Tit,) (1 di<k- 1). 
Hence 
Now, r, is a proper subsemigroup of D because a $ ZY By using Lemma 1.2 
again, one can complete the proof of Case (b,). 
(iii)+ (i). By Theorem 1, D is finite. Thus it remains to show that the 
ordered semigroups S, and S, of Lemma 4.1 are not strongly 
hyporepetitive. In fact, let us consider the map 
P: ix?Yl+ -+ {%P) 
defined, for each f E {x, y } +, by 
b(f)={ if ISL-IfI,.< if Ifl.r-lfl,>o 
where ) f Ix (resp. I f I,) is the number of occurrences of x (resp. of y) in f: 
One convinces oneself that fl is an hypomorphism both on S, and S,. 
We have already proved (see the remark after the proof of Theorem 2 of 
[S]) that the map fi is not strongly repetitive. Consequently S, and S, are 
not strongly repetitive, and so they cannot be ordered subsemigroups of 
D- I 
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